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1.  

(a)  

𝛿"#"$% = 𝛿"'()*$% + 𝛿*(,' = 0 

 

Therefore,  

0 = 𝐿𝛼𝛥𝑇 +
𝐹𝐿
𝐴𝐸

 

 

Rearranging,  

𝐹 = −𝛼𝛥𝑇𝐴𝐸 = −22 × 109: × 25 × (20 × 109= × 30 × 109=) × 70 × 10A = −𝟐𝟑𝟏𝟎𝟎	𝐍 

 

Therefore,  

𝜎 =
𝐹
𝐴
=

−24150
(20 × 109= × 30 × 109=)

= −4.025 × 10KPa = −𝟑𝟖. 𝟓	𝐌𝐏𝐚 

[5 marks] 

 

(b)  

As before: 

𝛿"#"$% = 𝛿"'()*$% + 𝛿*(,' = 0 

where: 

𝛿*(,' =
𝐹𝐿
𝐴𝐸

 

 

However, for a small slice of the bar having a length 𝑑𝑥, if allowed to expand freely: 

𝑑(𝛿U) = (𝛼∆𝑇)𝑑𝑥 
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where: 

∆𝑇 =
40𝑥
𝐿

 

This gives: 

𝛿U = W 𝛼 X
40𝑥
𝐿 Y 𝑑𝑥

Z

[
= 𝛼W X

40𝑥
𝐿 Y𝑑𝑥

Z

[
 

or: 

𝛿U = 𝛼 \
40𝑥]

2𝐿
^_
[

Z

= 𝛼
40𝐿
2

 

 

Therefore: 

0 = 𝛼
40𝐿
2

+
𝐹𝐿
𝐴𝐸

 

and, 

𝐹 = −𝛼
40𝐴𝐸
2

 

 

which gives: 

𝐹 = −𝛼
40𝐴𝐸
2

= −22 × 109: ×
40 × (20 × 109= × 30 × 109=) × 70 × 10A

2
= −𝟏𝟖𝟒𝟖𝟎	𝐍 

 

Therefore, the stress in the bar can be determined as: 

𝜎 =
𝐹
𝐴
=

−19320
(20 × 109= × 30 × 109=)

= −3.22 × 10KPa = 	−𝟑𝟎. 𝟖	𝐌𝐏𝐚 

[8 marks] 

 

(c)  

The 𝛥𝑇 through the beam is given by: 

𝛥𝑇 =
40𝑦
𝑑

 

As the bar is constrained, 𝜀̅ = 0 and 1\𝑅 = 0  
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Considering the axial force equilibrium: 

𝑃 = 𝐸𝜀�̅� − 𝐸𝛼W X
40𝑦
𝑑 Y𝑑𝐴

h
 

As the mean strain 𝜀̅ = 0 

𝑃 = 0 − 𝐸𝛼W X
40𝑦
𝑑 Y 𝑏𝑑𝑦

j
]

9j]

= −
40𝐸𝛼𝑏
𝑑

W 𝑦𝑑𝑦
j
]

9j]

 

∴ 𝑃 = −
40𝐸𝛼𝑏
𝑑

l
𝑦]

2
m
9j]

j
]
= 0 

 

Considering the moment equilibrium: 

𝑀 =
𝐸𝐼
𝑅
− 𝐸𝛼W X

40𝑦
𝑑 Y𝑦𝑑𝐴

h
 

As 1\𝑅 = 0 

𝑀 = 0 − 𝐸𝛼W \
40𝑦]

𝑑
^ 𝑏𝑑𝑦

j
]

9j]

= −
40𝐸𝛼𝑏
𝑑

W 𝑦]𝑑𝑦
j
]

9j]

= −
40𝐸𝛼𝑏
𝑑

l
𝑦=

3
m
9j]

j
]

 

= −
40𝐸𝛼𝑏
𝑑

l
𝑑=

24
−
−𝑑=

24
m = −

10𝐸𝛼𝑏𝑑]

3
= −

10 × 70 × 10A × 22 × 109:20 × 109= × (30 × 109=)]

3
 

∴ 𝑴 = 𝟗𝟐. 𝟒	𝐍𝐦 

 

Using: 

𝜎s = 𝐸 t𝜀̅ +
𝑦
𝑅
− 𝛼𝛥𝑅u 

and considering 𝜀̅ = 0 and 1\𝑅 = 0 gives: 

𝜎s = −𝐸𝛼𝛥𝑇 

 

Substituting in for the temperature variation gives: 

𝜎s = −𝐸𝛼
40𝑦
𝑑
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Evaluating at 𝑦 = 𝑑/2 gives: 

𝜎s = −𝐸𝛼
40𝑑
2𝑑

= −20𝐸𝛼 = 	−20 × 70 × 10A × 22 × 109: = −3.22 × 10KPa = −𝟑𝟎. 𝟖	𝐌𝐏𝐚 

and at 𝑦 = −𝑑/2: 

𝜎s = −𝐸𝛼
−40𝑑
2𝑑

= 20𝐸𝛼 = 	20 × 70 × 10A × 22 × 109: = 3.22 × 10KPa = 𝟑𝟎. 𝟖	𝐌𝐏𝐚 

[10 marks] 

 

[2 marks] 

  

y=d/2
! = -32.2 MPa

y=-d/2
! = 32.2 MPa30.8 MPa

! = −$ 2&
'( = 30.8	MPa

! = −$ 2&
'( = 30.8	MPa

'(

!
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2.  

(a)  

Angle defined from the 𝑥-axis, ccw 

 

Element 1 – Angle = 90 deg 

[1 mark] 

𝐾x(% = y

0 0 0 0
0 2e8 0 −2e8
0 0 0 0
0 −2e8 0 2e8

| 

[3 marks] 

Element 2 – Angle = 315 deg 

[1 mark] 

𝐾x(% = 1e7 y

7.0711 7.07110 −7.0711 −7.0711
7.0711 7.0711 −7.0711 −7.0711
−7.0711 −7.0711 7.0711 7.0711
−7.0711 −7.0711 7.0711 7.0711

| 

[3 marks] 

Overall stiffness matrix 

𝑲 = 𝟏𝐞𝟖

⎣
⎢
⎢
⎢
⎢
⎡
𝟎 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝟐 𝟎 −𝟐 𝟎 𝟎
𝟎 𝟎 𝟎. 𝟕𝟎𝟕𝟏 𝟎. 𝟕𝟎𝟕𝟏 −𝟎. 𝟕𝟎𝟕𝟏 −𝟎. 𝟕𝟎𝟕𝟏
𝟎 −𝟐 𝟎. 𝟕𝟎𝟕𝟏 𝟐. 𝟕𝟎𝟕𝟏 −𝟎. 𝟕𝟎𝟕𝟏 −𝟎. 𝟕𝟎𝟕𝟏
𝟎 𝟎 −𝟎. 𝟕𝟎𝟕𝟏 −𝟎. 𝟕𝟎𝟕𝟏 𝟎. 𝟕𝟎𝟕𝟏 𝟎. 𝟕𝟎𝟕𝟏
𝟎 𝟎 −𝟎. 𝟕𝟎𝟕𝟏 −𝟎. 𝟕𝟎𝟕𝟏 𝟎. 𝟕𝟎𝟕𝟏 𝟎. 𝟕𝟎𝟕𝟏 ⎦

⎥
⎥
⎥
⎥
⎤

 

[4 marks] 

If the applied load, F, is 30	kN: 

 

(b) 

Apply BCs 

[2 marks] 

Resolve Force 

[2 marks] 
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𝑈 = 1e − 3

⎣
⎢
⎢
⎢
⎢
⎡

0
0

𝟎. 𝟏𝟓𝟕𝟐
𝟎. 𝟎𝟓𝟒𝟗

0
0 ⎦

⎥
⎥
⎥
⎥
⎤

 

[3 marks] 

 

 

𝐹 = 1e4

⎣
⎢
⎢
⎢
⎢
⎡

0
−𝟏. 𝟎𝟗𝟖𝟏𝟎

1.5
2.5981
−1.5
−𝟏. 𝟓 ⎦

⎥
⎥
⎥
⎥
⎤

 

[6 marks] 

  

x [m]
-1 -0.8 -0.6 -0.4 -0.2 0 0.2

y 
[m

]

0

0.2

0.4

0.6

0.8

1

1.2
GEOMETRY - DEFORMATION SCALE: 100
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3.  

(a)  

Crack Initiation and Stage I crack Growth: Pile up of dislocations causes slip bands, creating stress concentrations 
(features). This leads to shear stress controlled transgranular cracking. This occurs on the plane on maximum shear 
(45° to the loading plane) as shown below. 

 

[3 marks] 

Stage II Crack Growth: Once the crack has reached a critical length, the stress state around the crack tip changes and 
cracks will propagate due to the maximum tensile stress (90° to the loading direction). This phase is usually 
intergranular. 

 

[4 marks] 

Failure: Failure is at a critical crack length when the structure can no longer support the applied loads and it fails due 
to ductile tearing or cleavage (brittle) fracture. 

[3 marks] 

Original metal 
surface

M
et

al
 su

rf
ac

e

Crack

Crystal Lattice

Stage I Stage II
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(b)  

 

[5 marks] 

 

(c)  

 

[4 marks] 

From similar triangles: 

𝑆(
𝑘�𝑆�

=
𝑓𝑆$

𝑆� − 𝑓𝑆*
 

Experimental 
Data

Smoothed curve of best 
fit to experimental data

Some S-N curves don’t 
reach such a shallow 

gradient & some 
display a ‘knee’ (sharp 
turn) towards a lower 

gradient

Fatigue strength is a hypothetical value of stress range at 
failure for exactly N cycles as obtained from an S-N curve.

The fatigue limit (sometimes called the endurance limit) is the limiting value 
of the median fatigue strength as N becomes very large, e.g. >108 cycles.

A

B
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[3 marks] 

∴ 𝑆$ =
𝑆((𝑆� − 𝑓𝑆*)

𝑓𝑘�𝑆�
=
135(520 − 1.5 × 80)
1.5 × 1.85 × 520

 

∴ 𝑺𝒂 = 𝟑𝟕. 𝟒𝟐	𝐌𝐏𝐚 

[3 marks] 
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4.  

(a)  

The reaction forces at A and C, 

𝑅$ + 𝑅, = 600 + 200 × 2 

𝑅� × 4 = 600 × 2 + 400 × 3 

 

Therefore, the reaction forces 𝑅$ = 400	N, 𝑅, = 600	N 

 

 

The maximum bending moment is 𝟖𝟎𝟎	𝐍𝐦 located at the mid-length of the beam. 

[5 marks] 

 

(b)  

The second moment of area and polar second moment of area 

𝐼 =
𝜋𝐷�

64
= 3.14 ∗

0.2�

64
= 7.85 ∗ 109�𝑚� 

𝐽 = 2𝐼 = 1.57 ∗ 109�𝑚	� 
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The tensile bending stress (axial stress) is  

𝜎� =
𝑀𝑦
𝐼
= 800 ∗

0.1
7.85 ∗ 109�

= 𝟏. 𝟎𝟐	𝐌𝐏𝐚 

The shear stress is  

𝜏�� =
𝑇𝑅
𝐽
= 400 ∗

0.1
1.57 ∗ 109�

= 𝟎. 𝟐𝟓	𝐌𝐏𝐚 

[7 marks] 

 

[3 marks] 

 

(c)  

𝐶 =
𝜎�
2
=
1.02
2

= 0.51	MPa 

𝑅 = �t
𝜎�
2
u
]
+ 𝜏��] = �0.51] + 0.25] = 0.57	MPa	 

𝜎x = 𝐶 + 𝑅 = 0.51 + 0.57 = 𝟏. 𝟎𝟖	𝐌𝐏𝐚 

𝜎] = 𝐶 − 𝑅 = 0.51 − 0.57 = 𝟎. 𝟎𝟔	𝐌𝐏𝐚 

𝜏_max = 𝑅 = 𝟎. 𝟓𝟕	𝐌𝐏𝐚 

[7 marks] 

σz=	1.02	MPa

τz! =	0.25	MPa!

z
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[3 marks 

]  
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5.  

(a)  

• If a tensile test is performed on a ductile material, the failure tends to be a cup and cone failure 

• With a cone angle of 45° 

• Failure occurs on the plane of maximum shear stress 

 

[3 marks] 

• The failure of a tensile test of a brittle material, such as grey cast iron, will tend to be a flat fracture 
surface perpendicular to the loading direction 

• Failure occurs on the plane of maximum principal stress 

 

[3 marks] 

 

 

 

s

45o

Fracture 
surfaces

Failed 
specimen

s

45o

Fracture 
surfaces

Failed 
specimen

t

s

t̂

t̂

90o

90o

1 2

t

s

t̂

t̂

90o

90o

11 22
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(b)  

 

[3 marks] 

 

 

𝜎' =
1
3
(𝜎x + 𝜎] + 𝜎=) 

 

Deviatoric stress is given by: 

𝜎¤ = (𝜎x − 𝜎', 𝜎] − 𝜎', 𝜎= − 𝜎') 

[3 marks for well explained, complete explanation, not just recalling the diagram, this only gets 2] 

s1

s2

s3

)321 sss ==(
axisc Hydrostati

plane Deviatoric

plane Deviatoric

B C

A

0

D

s1

s2

s3

)321 sss ==(
axisc Hydrostati

plane Deviatoric

plane Deviatoric

B C

A

0

D
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(c)  

𝑇 = 8000	Nm	

𝑀 = 2000	Nm	

𝜎¦ = 250	MPa	

 

Including safety factor (incorporated into yield stress): 

𝜎¦(§¨) = 125	MPa 

[1 mark] 

𝜏 =
𝑇𝑟
𝐽

 

𝜎h =
𝑀𝑦
𝐼

 

where 𝑦 = 𝑟 in this case, therefore: 

𝜎h =
𝑀𝑟
𝐼

 

𝐽 =
𝜋𝑟�

2
 

𝐼 =
𝜋𝑟�

4
 

 

Combining gives: 

𝜎h =
4𝑀
𝜋𝑟=

 

𝜏 =
2𝑇
𝜋𝑟=

 

[4 marks] 

For Tresca: 

𝜏*$s =
𝜎¦
2
=
𝜎¦(§¨)
2

=
125
2

= 62.5	MPa 

therefore, 

62.5	 × 10: = 𝜏*$s = 𝑅 = �t
𝜎h
2
u
]
+ 𝜏] 
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𝑅] = X
2𝑀
𝜋𝑟=Y

]
+ X

2𝑇
𝜋𝑟=Y

]
 

(62.5	 × 10:)] =
4𝑀]

𝜋]	𝑟:
+
4𝑇]

𝜋]	𝑟:
 

(62.5	 × 10:)] =
2.72 × 10ª

𝜋]	𝑟:
 

𝑟: =
2.72 × 10ª

𝜋](62.5	 × 10:)]
 

𝑟: = 7.05 × 109A 

𝑟 = 0.0438	m = 43.8	mm 

𝒅𝑻𝒓𝒆𝒔𝒄𝒂 = 𝟖𝟕. 𝟔	𝐦𝐦 

[4 marks] 

For von Mises: 

2D plane stress 

𝜎x] − 𝜎x𝜎] + 𝜎]] = 𝜎¦] 

 

𝐶 is centre of Mohr’s circle, 𝑅 is radius, expanding and tidying gives: 

𝐶] + 3𝑅] = 𝜎¦] 

X
2𝑀
𝜋𝑟=Y

]
+ 3 × \X

2𝑀
𝜋𝑟=Y

]
+ X

2𝑇
𝜋𝑟=Y

]
^ = (125 × 10:)] 

\
4𝑀]

𝜋]𝑟:
^ + \

12𝑀]

𝜋]𝑟:
^ + \

12𝑇]

𝜋]𝑟:
^ = (125 × 10:)] 

16𝑀] + 12𝑇]

𝜋]𝑟:
= (125 × 10:)] 

𝑟: =
16𝑀] + 12𝑇]

𝜋](125	 × 10:)]
 

𝑟: = 5.40 × 109A 

𝑟 = 0.0419	m = 41.9	mm 

𝒅𝒗𝒐𝒏	𝑴𝒊𝒔𝒆𝒔 = 𝟖𝟑. 𝟖	𝐦𝐦 

[4 marks] 
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6.  

(a)  

 

 

Yielding will occur through whole of the upper and lower 30	mm (from top edge and bottom edge, respectively), 
therefore: 

 

[2 marks] 

Moment equilibrium:a 

(Balance the moments due to stresses in the elastic and plastic regions with the applied moment): 

𝑀 = W 𝑦𝜎𝑑𝐴
h

= W 𝑦𝜎𝑏𝑑𝑦
¦

 

[2 marks] 

 

! !
"	 = 220	GPa

*

+
,- 275	MPa

45

−45

O

Section of the 
beam in bending

Stress distribution 
through the beam 

cross section

Cross section of 
the beam

Variation of stress with y: 
• For 45 < % < 15, ' = 275	MPa
• For −15 < % < 15, ' = /01

21 %	MPa
• For −45 < % < −15, ' = −275	MPa

275	MPa
('%)

−275	MPa
(−'%)

5

6

5

7
89 9

15
−15
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Due to the symmetry of the stress distribution and substituting in the elastic and plastic terms for 𝜎, this can be 
rewritten as: 

𝑀 = 2µW 𝑦
275
15

𝑦(90)𝑑𝑦
x�

[

+ W 𝑦(275)(30)𝑑𝑦
��

x�

¶ 

= 2µ1,650W 𝑦]𝑑𝑦
x�

[

+ 8,250 W 𝑦𝑑𝑦
��

x�

¶ 

= 2 ·1,650 l
𝑦=

3
m
[

x�

+ 8,250 l
𝑦]

2
m
x�

��

¸ 

= 2¹1,650\
15=

3
^ + 8,250\

45]

2
−
15]

2
^º 

= 2{1,856,250 + 7,425,000} 

∴ 𝑴 = 𝟏𝟖, 𝟓𝟔𝟐, 𝟓𝟎𝟎	𝐍𝐦𝐦 = 𝟏𝟖. 𝟓𝟔	𝐤𝐍𝐦 

[3 marks] 

Compatibility: 

 𝜀 =
𝑦
𝑅

 (1) 

[2 marks] 

At 𝑦 = 15	mm, 𝜎 = 𝜎¦ = 275	MPa and since this point is within the elastic range: 

𝜀 =
𝜎¦
𝐸
=

275
220,000

= 1.25 × 109= 

[2 marks] 

Substituting this into (1) gives: 

1.25 × 109= =
15
𝑅

 

∴ 𝑹 = 𝟏𝟐, 𝟎𝟎𝟎	𝐦𝐦 = 𝟏𝟐	𝐦 

[2 marks] 
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(b)  

𝐼*¿j = \
𝑏𝑑=

12
^
*¿j

=
90 × 30=

12
= 202,500	mm] 

[2 marks] 

 

Using the parallel axis theorem: 

𝐼"#À
¤
= 𝐼"#À + 𝐴ℎ] = \

30 × 30=

12
^ + (30 × 30) × 30] = 67,500 + 810,000 = 877,500	mm� 

[1 mark] 

and since 𝐼Â#""#*′ = 𝐼"#À′: 

𝐼 = 𝐼*¿j + 2𝐼"#À
¤
= 1,957,500	mm] 

[1 mark] 

Unloading is assumed to be entirely elastic. Beam bending equation: 

𝑀
𝐼
=
𝜎
𝑦 X
=
𝐸
𝑅Y

 

∴
∆𝑀
𝐼
=
∆𝜎
𝑦

 

[1 mark] 

Max change in stress (∆𝜎) will occur at 𝑦	 = j
]
= 𝑦*$s	(= ±45	mm). 

∴ ∆𝜎*$s(% =
∆𝑀 × 𝑦*$s

𝐼
=
−𝑀 × 𝑦*$s

𝐼
=
−18,562,500 × ±45

1,957,500
 

= ∓426.72	MPa 

i.e.: 

𝑎𝑡	𝑦 = 45	mm, ∴ ∆𝜎*$s(% = −426.72	MPa 

𝑎𝑛𝑑	𝑎𝑡	𝑦 = −45	mm, ∴ ∆𝜎*$s(% = 426.72	MPa 

[1 mark] 
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[3 marks] 

Residual stress is below yield (275	MPa), so reverse yielding does not occur. At 𝑦 = 15	mm, no plastic deformation 
occurs during loading and unloading, 

∴ 𝜀)(É¿j�$% =
𝜎)(É¿j�$%

𝐸
=
132.14
220,000

= 6.006 × 109� 

[1 mark] 

Also,  

𝜀 =
𝑦
𝑅

 

∴ 6.006 × 109� =
15
𝑅

 

∴ 𝑹 = 𝟐𝟒, 𝟗𝟕𝟓. 𝟎𝟐	𝐦𝐦 = 𝟐𝟒. 𝟗𝟖	𝐦 

[2 marks] 

151.72	MPa

132.14	MPa

−132.14	MPa

−142.86	MPa

142.86	MPa

426.72	MPa−275	MPa
(−01)

275	MPa
(01)3

4

Loading stress 
distribution

Residual stress 
distribution

(Elastic) unloading 
stress distribution

Interpolation of (elastic) unloading line: 

At 1 = 45	mm, 0 = −426.72	MPa
1 = 70 + 9

∴ 45 = m×−426.72 + 0
∴ m = −0.105

At 1 = 15	mm, 15 = −0.105×0
∴ 0 = −142.86	MPa

−426.72	MPa 3

4+ =

−151.72	MPa 3

4

15	mm

−15	mm

−45	mm

45	mm


